All the 23 Niemeier lattices are constructed by construction A modulo 4. Explicit generator matrices and symmetrized weight enumerators for the relevant codes are given.
Introduction
In 1] a construction of the Leech lattice by a code over Z 4 , the ring of the integers modulo 4 was given. This raised the question to know if other even unimodular lattices in dimension 24 could be constructed in that way. There are 23 such lattices as per Niemeier's classi cation 14] . The main result of this article is to show that all of the 23 Niemeier lattices can be constructed in that way and to give explicit generator matrices and symmetrized weight enumerators for the relevant self-dual codes. It should be noted that only 12 Niemeier lattices can be built by the classical constructions of lattices by binary codes 13] . As a by-product, we show that all even unimodular lattices in dimension at most 24 and also all the extremal unimodular lattices can be constructed in that way.
The paper is organized as follows. Section 2 contains the inevitable preliminary on unimodular lattices, codes over Z 4 and Construction A 4 . Section 3 gives a theoretical non-constructive argument showing why the main result should be expected. Section 4 is devoted to the 13 Niemeier lattices that can be characterized by their kissing number only. Section 5 contains self-dual codes which determine the 10 remaining lattices. Section 6 collects the symmetrized weight enumerators of the relevant codes constructed in Sections 4 and 5. Section 7 explores some related results. 2 Niemeier Lattices, Self-Dual Codes over Z 4 and Construction A 4 
Niemeier Lattices
An n-dimensional lattice in R n is the set of integer linear combinations of n linearly independent vectors v 1 ; : : :; v n , where R n is the n-dimensional Euclidean space. An n by n matrix whose rows are the n linearly independent vectors is called a generator matrix G of the lattice. If two lattices di er only by a rotation, a scaler and/or a re ection, they are called equivalent. The dual lattice is given by = fx 2 R n j x a 2 Z for all a 2 g, where x a = x 1 a 1 + + x n a n and x = (x 1 ; : : :; x n ); a = (a 1 ; : : :; a n ). A lattice is integral if the inner product of any two lattice points is integral, or equivalently, if . An integral lattice with det = 1 (or = ) is called unimodular. The theta series (q) of a lattice is the formal power series The kissing number is the rst non-trivial coe cient of the theta series.
If the norm x x is an even integer for all x 2 , then is said to be even. Unimodular lattices which are not even are called odd. It is known that if a unimodular lattice has the property that every norm is a multiple of some positive integer c then c is 1 or 2. The minimum norm of is the smallest norm among all nonzero lattice points of . It is known that n-dimensional even unimodular lattices exist if and only if n 0 (mod 8). There exists a unique 8-dimensional even unimodular lattice, which is called the Gosset lattice E 8 and there exist two 16-dimensional even unimodular lattices, namely E 8 + E 8 where n i (c) is the number of components of c 2 C that are congruent to i (mod 4) . Note that equivalent codes have identical s.w.e.'s.
Type II codes over Z 4 were rst de ned in 2] as self-dual codes containing the all-ones vector and with the property that all Euclidean weights are divisible by eight. However, even if Type II codes do not contain the all-ones vector, the lattices constructed from these codes are even unimodular (see Theorem 2.1). In this paper, we say that self-dual codes with the property that all Euclidean weights are divisible by eight are Type II. Self-dual codes which are not Type II are called Type I.
Applying Construction A to self-dual codes over Z 4 , we have the following construction which is called Construction A 4 .
Theorem 2.1 (Bonnecaze, Sol e and Calderbank 1]) Let C be a self-dual code of length n over Z 4 with minimum Euclidean weight d E . Then the lattice A 4 (C) = 1 2 fx 2 Z n j x c (mod 4) for some c 2 Cg ; is an n-dimensional unimodular lattice. The minimum norm of A 4 (C) is minf4; d E =4g and we have A 4 (C) (q 4 ) = swe C ( 4Z (q); 4Z+1 (q); 4Z+2 (q)): Moreover if C is Type II then the lattice A 4 (C) is even unimodular.
An Existence Proof
We give a non-explicit uni ed argument showing why all the 23 Niemeier lattices arise from Construction A 4 . We bear in mind the following well-known fact.
Theorem 3.1 An n-dimensional lattice L is A 4 (C) for some Z 4 -code C i there is a system of n vectors w i ; i = 1; : : :; n such that w i w j = 4 i;j for all i; j = 1; : : :; n.
Proof. The existence of the said system is equivalent to the existence of a sublattice L 0 of L equivalent to 2Z n . This amounts to 2L = C + 4Z n : The code C is obtained as L 0 =L, which can be done algorithmically by using the Smith reduction algorithm described in 5, Theorem 2. In this paper, we label them as in the table by the root system of vectors of norm 2. Note that 13 of all the Niemeier lattices are uniquely distinguished by the kissing numbers. In this section, we give Type II codes which determine such lattices by Construction A 4 . The symmetrized weight enumerators of the codes are given in Section 6.
Methods
Here we give the used methods to nd the desired Type II codes.
D 24
The lattice D + n is de ned as D n (D n + (1=2; : : :; 1=2)); where D n is the checkbordered lattice, that is D n = f(x 1 ; : : :; x n ) 2 Z n j x 1 + + x n : even g: K 4m is a self-dual code of length 4m introduced by Klemm 12] A 24 1 In 1983, Wolfmann obtained in 16, 17] a new construction of the binary Golay code, by reducing a Reed-Solomon (RS) code over F 8 with a trace orthogonal basis (TOB) that is a basis orthonormal with respect to the inner product x y := Tr(xy):
As an example, a way to obtain a Type II Z 4 -code of length 24 is to project (\d emultiplier" in the sense of 16]) the extended lifted Reed-Solomon code over F 8 using a convenient TOB. Consider the extended RS code over F 8 Let ( 1 ; : : :; 25 ), be the canonical basis in dimension 25. Then a Coxeter basis of the lattice A 24 is given by the vectors (f 1 ; : : :; f 24 ) with f i = i ? i+1 . The lattice A 24 is not unimodular since its determinant is equal to 25, thus we add a glue vector r as described in 8], to obtain a unimodular lattice R, which contains A 24 with the index 5. To simplify computation we choose the glue vector r so that the unimodular lattice R has basis (f 1 ; : : :; f 23 ; r).
In order to apply Theorem 2.2 we need a basis (e 1 ; : : :; e 24 ) of R verifying e i e j = 4 ij for any 1 i; j 24. We naturally choose 12 vectors e 1 = f 1 + f 3 , e 2 = f 1 ? f 3 ; : : :; e 11 = f 21 + f 23 , e 12 = f 21 ? f 23 , which verify e i e j = 4 ij for any 1 i; j 12.
Let us de ne E =< e 1 ; : : :; e 12 >, the vector space spanned by the roots e 1 ; : : :; e 12 . We have to nd the 12 other vectors in L = E ? 1 T R. For a unimodular lattice R we have: L = P E ? (R), with the orthogonal projection P E ? (R) of R on E ? . Generators of L is given by (P E ? (e 2 ); : : :; P E ?(e 22 ); P E ?(r)), since P E ? (e i ) = 0 for i 1 (mod 2).
We then apply the LLL-algorithm to the generators to obtain an LLL-reduced basis B = (b i ) 1 i 12 . An expression of a basis of L in B is deduced from the matrix G ?1 , where G is the Gram matrix of L . Thus we have a complete description of generator vectors of L, we then compute the 256 minimal vectors of norm 4 of L, using the PARI system and we extract from these minimal vectors, 12 vectors (e 13 ; : : :; e 24 ) verifying e i e j = 4 ij . The 24 vectors (e i ) 1 i 24 verify e i e j = 4 ij . The last operation consists in writing the basis of R in the basis (e i ) 1 i 24 , which leads to a generator matrix of a Type II code C, which is a code of type 4 10 2 4 described below. We have A 4 (C) = R, which corresponds to the lattice A 24 . Of course this code is not unique and there are many di erent codes giving the same lattice.
A 2 12 By the classi cation of the Niemeier lattices, we can easily verify the following lemma. Lemma Let C be a self-dual code of length 24 with the generator matrix G(A 2 12 ) given below, and R be the set of the roots of A 4 
Generator Matrices
In this subsection, the generator matrices of the codes constructed in Subsection 4.1 are given. We denote the generator matrix of the code corresponding to a lattice L by G(L).
G(D 022000000000000000000000  002200000000000000000000  000002200000000000000000  000000220000000000000000  000000000220000000000000  000000000022000000000000  000000000000022000000000  000000000000002200000000  000000000000000002200000  000000000000000000220000  000000000000000000000220  000000000000000000000022  113311110000000000000000  000011331111000000000000  100030000311100010001000  100030001000031130003000  000000000000311113110000  000000000000000031111311 1 C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C A :
5 Construction II
In this section, we give Type II codes which determine the remaining lattices. Hence we have to choose the code C so that the number of the roots of A 4 (C) is equal to that of the root lattice of type D 4 6 (resp. D 6 4 ). Our choice of C is given in the next subsection. Then the above condition is veri ed by using Theorem 2.1.
In this subsection, the generator matrices of the codes constructed in Subsection 5.1 are given. In fact, the four inequivalent Type II codes determine such a lattice. Moreover the direct sum of two Type II codes of length 8 is a Type II code of length 16 and the code determines the lattice
